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Two-Parameter Beta Distribution 
Beta 𝛼, 𝛽

𝑓 𝑥 =
𝑥𝛼−1 1−𝑥 𝛽−1

B 𝛼,𝛽

where 0 < 𝑥 < 1,

B 𝛼, 𝛽 =
Γ 𝛼 Γ 𝛽

Γ 𝛼+𝛽
, 

𝛼 > 0, 𝛽 > 0
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Four-Parameter Beta Distribution 
Beta 𝛼, 𝛽, 𝑎, 𝑐

•Derive from Beta 𝛼, 𝛽 by mapping 
0,1 to 𝑎, 𝑐 .

•𝑓 𝑥 =
𝑥−𝑎 𝛼−1 𝑐−𝑥 𝛽−1

B 𝛼,𝛽 𝑐−𝑎 𝛼+𝛽−1

where 𝑎 < 𝑥 < 𝑐, 𝑎 < 𝑐, 𝛼 > 0, 𝛽 > 0

PERT 𝑎, 𝑏, 𝑐 Distribution 

• support = 𝑎, 𝑐

•𝑎 < 𝑏 < 𝑐
•𝑏 is the mode

•𝜇 =
𝑎+4𝑏+𝑐

6

•Beta
4𝑏+𝑐−5𝑎

𝑐−𝑎
,
5𝑐−𝑎−4𝑏

𝑐−𝑎
, 𝑎, 𝑐

•Program Evaluation and Review 
Technique by CE Clark 1962
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Triangular Distribution Triang 𝑎, 𝑏, 𝑐

•support = 𝑎, 𝑐

•𝑎 < 𝑏 < 𝑐

•𝑏 is the mode

•simple replacement 
for PERT

Consulting Problem

•Assume 𝐴, 𝐵, 𝐶 = 𝑚𝑖𝑛,𝑚𝑜𝑑𝑒,𝑚𝑎𝑥 is independent

•𝐴~Triang 6,10,14 , 𝐵~Triang 30,50,70 ,
𝐶~Triang 900,1000,1100

•𝐴 = 10 ± 4, 𝐵 = 50 ± 20, 𝐶 = 1000 ± 100

•Observe a single sample from PERT 𝑎, 𝑏, 𝑐 with pdf 
𝑓 𝑥|𝑎, 𝑏, 𝑐 .

•Update the parameters 𝑎, 𝑏, 𝑐 for the sample 𝑥 = 8 using 
Bayesian techniques.

• These numbers were supplied by an analyst at a large 
corporation.
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Prior Probability Density Function

•ℎ(𝑝) where 𝑝 = 𝑎, 𝑏, 𝑐 for the parameters 
𝐴, 𝐵, 𝐶

•R library mc2d (Tools for Two-Dimensional 
Monte-Carlo Simulations)

•Product of three dtriang( x , min, mode, max )

•support = 6,14 × 30,70 × 900,1100 ⊂ ℝ3.

Sample Probability Density Function 
𝑓 𝑥, 10,50,1000

•R function 
dpert( x, min, 
mode, max) 

•mc2d library
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Posterior Probability Distribution for 𝐴, 𝐵, 𝐶

•proportional to the joint distribution of 
𝑋, 𝐴, 𝐵, 𝐶 when 𝑋 = 8:
𝑗𝑜𝑖𝑛𝑡 𝑝 = 𝑓 𝑥 = 8|𝑎, 𝑏, 𝑐 ℎ(𝑎, 𝑏, 𝑐)

• 6
14
 30
70
 900
1100

𝑗𝑜𝑖𝑛𝑡 ≈ 0.0002406715

•R function adaptIntegrate in cubature library
•posterior pdf 𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 = 𝑗𝑜𝑖𝑛𝑡(𝑝)/
0.0002406715

Posterior Marginal Distribution of 𝐴

• 𝑓𝐴 𝑎 =

 

30

70

 

900

1100

𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑐 𝑑𝑏

• Approximated using 
adaptIntegrate
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Posterior Marginal Distribution of 𝐵

• 𝑓𝐵 𝑎 =

 

6

14

 

900

1100

𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑐 𝑑𝑎

• Approximated using 
adaptIntegrate

• Took 23 seconds for lapply to 
make pdf vector.

Posterior Marginal Distribution of 𝐶

• 𝑓𝐶 𝑎 =

 

6

14

 

30

70

𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑏 𝑑𝑎

• Approximated using 
adaptIntegrate
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Square Loss Function Estimates

• Minimize 𝐸 Θ − 𝜃𝑒𝑠𝑡
2|𝑋 = 8 to estimate the parameter 𝜃.

• 𝑎𝑒𝑠𝑡 = 𝐸 𝐴|𝑥 = 8 =  6
14
 30
70
 900
1100

𝑎 𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑐 𝑑𝑏 𝑑𝑎
≈ 7.27

• 𝑏𝑒𝑠𝑡 = 𝐸 𝐵|𝑥 = 8 =  6
14
 30
70
 900
1100

𝑏 𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑐 𝑑𝑏 𝑑𝑎
≈ 48.5

• 𝑐𝑒𝑠𝑡 = 𝐸 𝐶|𝑥 = 8 =  6
14
 30
70
 900
1100

𝑐 𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑐 𝑑𝑏 𝑑𝑎
≈ 1000

Absolute-Value Loss Estimates

•Minimize 𝐸 Θ − 𝜃𝑒𝑠𝑡 |𝑋 = 8 to estimate the
parameter 𝜃.

•
1

2
= 𝑃 𝐴 < M𝐴|𝑋=8

=  

6

𝑎𝑒𝑠𝑡

 

30

70

 

900

1100

𝑘 𝑎, 𝑏, 𝑐|𝑥 = 8 𝑑𝑐 𝑑𝑏 𝑑𝑎 → 𝑎𝑒𝑠𝑡 ≈ 7.33

• Similarly, 𝑏𝑒𝑠𝑡 = M𝐵|𝑋=8 ≈ 48.4

• Similarly, 𝑐𝑒𝑠𝑡 = M𝐶|𝑋=8 ≈ 1000
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Conclusion

•prior parameters 𝑎, 𝑏, 𝑐 = 10, 50,1000
• square loss function estimates 7.27,48.5,1000
•absolute-value loss function estimates 
7.33,48.4,1000

• It was less convenient to use the absolute-value loss 
function and did not make much difference.
•The greatest effect of the sample 𝑥 = 8 was on 𝑎

and the least effect was on 𝑐.

References
• https://en.wikipedia.org/wiki/Beta_distribution

• https://en.wikipedia.org/wiki/PERT_distribution

• https://en.wikipedia.org/wiki/Triangular_distribution

• Probability and Statistical Inference 9th edition by Robert V. Hogg, Elliot A. Tanis, 
Dale L. Zimmerman ©2015 by Prentice Hall.

• R Core Team (2019). R: A language and environment for statistical computing. R 
Foundation for Statistical Computing, Vienna, Austria. URL https://www.R-
project.org/.

• R. Pouillot, M.-L. Delignette-Muller (2010), Evaluating variability and uncertainty 
in microbial quantitative risk assessment using two R packages. International 
Journal of Food Microbiology. 142(3):330-40

• Balasubramanian Narasimhan, Steven G. Johnson, Thomas Hahn, Annie Bouvier
and Kiên Kiêu (2018). cubature: Adaptive Multivariate Integration over 
Hypercubes. R package version 2.0.3. https://CRAN.R-
project.org/package=cubature

• Hans W. Borchers (2018). pracma: Practical Numerical Math Functions.  R package 
version 2.2.2. https://CRAN.R-project.org/package=pracma

https://en.wikipedia.org/wiki/Beta_distribution
https://en.wikipedia.org/wiki/PERT_distribution
https://en.wikipedia.org/wiki/Triangular_distribution
https://www.r-project.org/
https://cran.r-project.org/package=cubature
https://cran.r-project.org/package=pracma

