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Abstract: This paper studies inter-competition for resources between two species, and intra-competition
for resources among each of the two species. This phenomenon is modeled by a coupled system of two
differential equations, of which we find all points of equilibrium. Two of the equilibrium points
represent co-existence and co-extinction of the species, respectively, while the other two equilibrium
points represent survival of one species and extinction of the other. Local stability conditions for each
of the equilibrium points are determined. Next we study each of the four equilibrium points for
stability. That is, we determine mathematical conditions on the model parameters under which the
scenarios described by the equilibrium points will occur. Such a study of systems of differential
equations lays the foundation for the more advanced theories of Chaos in nonlinear dynamical systems.
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Introduction

The following model describes competitive interaction between and among two species:

dX
z:qX—b,X’—c,XY:f(X,Y)
o (M
— =&Y -BY’ —, XY =g(X.Y)
where X(#) is the number of species X at time t, while, ¥ (#) is the number of species Y at time t. The
parameters of this system are described as follows:
a, = Net birthrate of species X
& =Mortality rate of species X due to intra-species competition
6, = Mortality rate of species X due to inter-species competition with Y

a, = Net birthrate of species Y

&, = Mortality rate of species Y due to intra-species competition
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¢, = Mortality rate of species Y due to inter-species competition with X
Stability Analysis of Equilibrium Points

To find points of equilibrium for Equation (1), solve the system

f(x.¥)=0

g(X.Y)=0
simultaneously for X and Y to obtain the following four equilibrium points:

[%—a‘bz %—a,b.]
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We aim to find conditions on the model parameters @&, #.6.a,.8,,¢, that lead to stability for each of the
above four equilibrium points.

First, start with the co-existence point [cla, . ! ,c.)al—a,bl], and use techniques described in [1] to
6o 88 66 —bb
shift it to {0,0) as follows:

Let
_Go —ab,
ot b
and
B e Wi s
o by
To shift (&, B) to(0,0)let,
u=X-a
v=Y-58
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which yields,
X=uta
Y=v+8
so that,
X =u
Y'=v.

Substituting into Equation (1) yields

¥ —a(ut+a)-b(u+a) —q(u+a)(v+B)=F(wv)
V=a,(v+B)-b(v+ ) —c,(u+a)(v+ B)=G(wv).

Linearize F(x,v) and G(x v) about {0,0) which leads to Jacobian

E(00) F(0.0)
5| o0y G00)
Specifically,

. _|a—*ha-af o
@ B a-2p-ca|

To find eigenvalues of the above Jacobian, solve

det([ Toq |-27)=0

which leads to the following quadratic equation:

2 +(-a+ Mha- g+ P reatcf)i+(aa — 2600 cxg —tac + Ahah f+ 2isa’ — o fa + ekt ) =0

For stability of this equilibrium point the real part of both roots of the above equation must be negative.
Theory of quadratic equations leads us to the following conditions therefore required for stability of this
equilibrium point:

(2t —an)(as—ah) o &(ea—ak)b(as—ah) o
(ce2 ) (e, —Bdy) '

Next we study stability conditions for co-extinction point {0,0). Using same techniques such as those
used for studying stability of the co-existence point, we arrive at following Jacobian:
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. =[F.(o,o) F.(o,o)]

G,(0.0) G,(0.0)
where F(u,v)= f(X.¥) and G(w.v)=g(X.¥), or

a 0
J“""’z[o az]'
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Clearly, the eigenvalues of the above Jacobian are @& and &,, and the required stability conditions are

& <0 anda, <0.

&

Third, to test [E,O], the point where species X survives and species Y becomes extinct, we first shift it

t0{0,0) . For this purpose let,

&
g=X—-—=
LY
r=y-0
Solving for X and Y yields,
&
X=qg+—=
b,
Y=r
so that,
X'=q
Y=r

Substituting into Equation (1) yields,

q'=ﬁ{q+%]—b.[q+%]z —c.[q+%]r =F(g.7)
r’=azr—bf2—cz[q+%]r=G(q,r)

Linearize about (0,0) to arrive at the Jacobian:
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or,
. B B
00— a
0 @ _"2[_]
A &),
whose eigenvalues are —a& and &, —¢, &J which lead to stability conditions,
\

—ay <0 anda,(a;—c’.

The fourth equilibrium point, 0,ﬁ describes when species X goes extinct, and species Y exists. Once

again, shift this point to (0,0). To do so, let

m=X-0
n=y-2
&
Solve for X and Y to get,
X=m
¥ =n+§
so that,
m=X
n=Y

Substituting into Equation (1) yields,

M'=aeu—bﬂ’—ce"[u+5)=f’(n")

&
r!'=a,[u+%)—b,[n+%]z—c.}u[n+%]=G(m,u).
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Once again, linearize around {0,0) to get the Jacobian:

[F.0.0) F(0.0)
0600 G000

which yields,
q—ﬁ[ﬁ] 0
o &
(T - -
|- 02—25\[—]

. [bz] &/
whose eigenvalues are —a, and &, — g ﬁ] leading to stability conditions,

\

—a,<0 andq(%.

Conclusion and Future Research

In this paper we find local stability conditions for each of the four equilibrium points of a coupled
system of two ordinary differential equations (ODEs) that describes inter- and intra-species competition
between two species. It can be stated that in a real-life situation, co-existence of species would be most
desirable and hence conditions on model parameters could be enforced in order to obtain the same. In a
future research project, similar studies could be performed on a coupled system of ODEs that model
similar interaction among three or more species.
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