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Introduction

WELCOME. I want to show some meaningful uses of Taylor
polynomials in a typical Calc 2 course that I have used
successfully many times.

I am one of those people who doesn’t listen to textbook authors
when they say ”this topic is beyond the scope of this course”.

I also believe students are empowered when they figure important
results out or even if they try to figure them out and only partially
succeed.

I hope you do try this out (professors) or think this through
(students).
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BACKGROUND INFORMATION

Early on we zoom in plots of many reasonable functions and see they
look like lines up close.

This is the linear approximation idea – also known as local
linearization.

f (x)− f (a) ≈ f ′(a)(x − a)

Note that to write an equal sign for non-linear functions, we use a
mean value theorem.

f (x)− f (a) = f ′(c)(x − a)

As well, the difference quotient has the limit f ′(a) as x → a. Justified by
either: definition of derivative (professors) or L’Hopital’s rule (students).
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GRAPHICS LARGER SCALE
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Figure: square root and linear approximation
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GRAPHICS SMALLER SCALE
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Figure: square root and linear approximation zoomed in
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QUADRATIC APPROXIMATION

What can we say about the difference: f (x)− f (a)− f ′(a)(x − a)?

The approximate answer is 1
2 f”(a)(x − a)2.

This comes from taking the limit as x → a of the expression above
divided by (x − a)2 (students) or using linear approximation on the
derivative of f and integrating to find f (professors?).

Where have you seen this in your course? Did you use it to discuss
convexity? Second derivative test? How does this generalize?
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GRAPHICS FOR QUADRATIC

3.95 4.00 4.05 4.10

-0.00015

-0.00010

-0.00005

Figure: square root minus linear approximation zoomed in
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GENERAL DEGREE POLYNOMIAL

The repeated use of either L’Hopital’s rule or integration of
approximations to higher derivatives leads to the Taylor polynomail
recipe for any particular order n.

f (x) ≈ Tn(x ,a, f ) =
n∑

k=0

f (k)(a)(x − a)k

k !
.

Will skip discussion of error in general. I prefer integration by parts (a
good use for that skill) to get an integral for the exact error, then use
that to get Lagrange form in textbooks. No time for that here.

On to numerical integration ideas!
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INTEGRATION APPROXIMATION

Numerical integration attempts to approximate definite integrals. It is
based on some earlier material.

∫ b

a
f (x)dx = F (b)− F (a), where F ′(x) = f (x).

Useful to think of this as finding average value of f on the interval.

Key fact used: integration adds up pieces, can add many small pieces!
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INTEGRATION APPROXIMATION METHODS

On small pieces, integrand f is approximately linear.

Students will almost always figure out at one of the two basic results:
trapezoid rule and midpoint rule.

With a bit of prompting, we rediscover Simpson’s rule using the
quadratic approximation.

∫ h
−h x2 dx = (2h)h2

3 .

Exact result for quadratic uses blend of midpoint (0) and trapezoid (h2)
values, in a 2 : 1 ratio.
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BUT WAIT .... THERE’S MORE

We know on any piece there is an exact answer using the
antiderivative F .

∫ h
−h f (x)dx = F (h)− F (−h).

We can use Taylor polynomial approximation on this exact answer to
see approximately how close our approximate answers are, on one
small interval we are calling [−h,h].

This recovers, with our slightly nonstandard labeling (most books like
small intervals of length h, while ours is of course 2h) the quoted
estimates in books, once you add them together.

The summed remainder or residual or error on the full original interval
uses values of some derivative of f summed on each piece. Books
usually reference the maximal value of f ′′ or f (4) but the error really has
something like the average value of such terms.
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DETAILS

F (h) = F (0) + F ′(0)h +
1
2

F ′′(0)h2 +
1
6

F (3)(0)h3 + . . .

F (−h) = F (0)− F ′(0)h +
1
2

F ′′(0)h2 − 1
6

F (3)(0)h3 + . . .

so upon subtraction we see:∫ h

−h
f (x)dx = 2hF ′(0) +

2
6

F (3)(0)h3 + . . .

and we note that the first term is the midpoint rule so the remaining
terms are the residual.
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MORE DETAILS

The trapezoid rule can be understood using similar expansions for
values of the integrand itself in powers of −h for the left endpoint and h
for the right endpoint, and then adding rather than subtracting.

2h(
f (−h) + f (h)

2
) = 2h(f (0) +

1
2

f ′′(0)h2 + . . .)

to compare with∫ h

−h
f (x)dx = 2hF ′(0) +

2
6

F (3)(0)h3 + . . .

which again creates a residual expression after comparing, again
involving h3 as leading term.
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EVEN MORE DETAILS ?

Simpson’s rule can also be understood using the blend of trapezoid
and midpoint rules. Now the residual term involves h5 and the fifth
derivative of F , so the fourth derivative of f .

Running low on time, let’s not do that algebra here.

To go from the sums with higher terms involved to exact statements
with equal signs in any of these analyses again requires mean value
theorem ideas, which means evaluating some derivative at a location
on our given interval, typically not at the origin (our midpoint). And then
summing to get the full integral of interest.
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IN CONCLUSION

Thinking in terms of Taylor polynomials is a powerful tool.

Students can use this kind of thinking here and in later work.

In a classroom setting, we would work some examples and see how
our analysis ties to the numerical outputs.

I hope to create some videos that show this and other places where
calculus reasoning is powerful for students.

Thanks for your attention! Happy to answer questions.
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