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A Motivating Scenario

An axisymmetric 3D domain € is obtained by rotating a 2D domain €.
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A Motivating Scenario

An axisymmetric 3D domain € is obtained by rotating a 2D domain €.

Goal: Perform a dimension reduction to an axisymmetric elliptic state constrained
optimal control problem by using cyclindrical coordinates and a Fourier series
decomposition. Finite element methods may then be used to efficiently solve the
resulting 2D problems, which are the Fourier modes of the original 3D problem. New
Fourier finite element spaces will be used for non-zero Fourier modes.
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High Level Overview

’ Problem defined on the 3d domain ‘

’ Sequence of problems on the 2d domain Q ‘

’ 2d problem discretization ‘

| Numerical Results |
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3d () Problem Formulation

* * . 1 2 ﬁ 2
(y*,u") = argmin | ||y — Yalliz) + 5 lUlliz (1)
ek [2 e ' o L (Q)]
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3d (£2) Problem Formulation

* * . 1 2 ﬁ 2
(y*,u") = argmin | ||y — Yalliz) + 5 lUlliz (1)
ek [2 e ' o L (Q)]

where (y, u) belong to K ¢ H'($2) x L3(S2) if and only if

/ﬁVy~Vw+/ﬁyw:/ﬁuw Vwe H(Q) @)

and y <+ a.e in £. The functions y, and 1, as well as the constant /3 are given.
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Partial Fourier Series Decomposition

Let U(r, z,6) € L2(£2). Then U may be expanded (PFSD) as:

U= UoJrZUkcoskHJrZU_ksink@
k=1 k=1

where each Fourier mode U is independent of 6.
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Partial Fourier Series Decomposition

Let U(r, z,6) € L2(£2). Then U may be expanded (PFSD) as:

U= UO+ZUkcosk0+ZU_ksink9
k=1 k=1

where each Fourier mode U is independent of 6.

We denote by [2($}) C
be shown that [2()) =

~

L3(S)
L3(Q

~

the set of all axisymmetric functions defined on 2. It may
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Partial Fourier Series Decomposition

Let U(r, z,6) € L2(£2). Then U may be expanded (PFSD) as:

U= UO+ZUkcoskt9+ZU_ksink9
k=1 k=1

where each Fourier mode U is independent of 6.

~

the set of all axisymmetric functions defined on €. It may

We denote by [2($}) C

L3(S)
be shown that [2(Q) = L2(Q

~

Takeaway: Each Fourier mode Uy is defined over Q, not €2. Solving multiple 2d
problems is “easier” than solving a 3d problem.
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The Gradient Operator for the k-th Fourier Mode

arUk
grad’,‘zUk = 7%Uk
82Uk
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The Gradient Operator for the k-th Fourier Mode

arUk
gradfok = *éUk
azUk

This is related to the gradient operator in cylindrical coordinates. We now define the
space:

Hi(grad, , @) = {u € L}(Q) : gradiu € L}(Q) x L3(Q) x LA(Q) }
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A Sequence of 2d (2) Problems

* * : 1
(" u") = argmin (Sl — Vi) + o N0kl @)

(Vi > ) EKK
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A Sequence of 2d (2) Problems

* * . 1 j
(k) = argmin [ — Vi 20y + 2 1kl 3o @)

(Vi > ) EKK

where (yx, ux) belong to K c H,(grad, , Q) x L2(Q) if and only if:

/(gradfzyk-grad’,‘zwk)rdrdz+/(ykwk)rdrdz = /(ukwk)rdrdz ¥ wi € Hr(grad, , Q)
Q Q Q

and yx < Y, a.ein Q.
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Fourier Mode kK =0

Numerical examples for the Fourier mode k = 0 case were computed using a
standard P1 FEM scheme in (G. Henderson, M. Oh, J. Spangler).
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Fourier Mode kK =0

Numerical examples for the Fourier mode k = 0 case were computed using a

standard P1 FEM scheme in (G. Henderson, M. Oh, J. Spangler).

Example 1: 8 = .002, y3(r,z) = 1/v/1, to(r,z) = r* + 2%, Q = [0,4] x [-4,4].

up (control), yy (state), contact set

Vo v~
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Fourier Mode kK = 0 Error Chart

h Ayt = Yollizy  rate [lynar = Yol
1 5.53e+00 1.57e+00

2 1.30e+00 2.08 2.46e+00

3 1.26e+00 0.04 3.07e+00

4 3.27e-01 1.94 1.44e+00

5 1.64e-01 0.99 1.01e+00

6 4.36e-02 1.90 5.33e-01

7 1.17e-02 1.89 2.73e-01

For further numerical examples (Fourier Mode = 0), see: (G. Henderson, M. Oh, J.

Spangler).
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A New Discretization for k # 0

Let 7, be a triangulation of Q, and V,, ¢ H' (Q2) be the P’ finite element space
associated with .7,.
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A New Discretization for k # 0

Let 7, be a triangulation of Q, and V,, ¢ H' (Q2) be the P’ finite element space
associated with .7,.

VE = {vy € Hi(grad®, Q) : vs|a € Aforall A € F;}

where A= {ar® + brz+cr : a,b,c € R}.
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2d Discrete Problem Formulation

* * . 1 B
(vh'up )= argmin [EH}’;:( —Y§|‘i$(n) + §||UZ\|i$(Q)} ®)
(v uf)E W
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2d Discrete Problem Formulation

* * . 1 3
(vh'up )= argmin [EHY#I; —)’gﬂig(n) + §||U§\|i$(n)} ®)
(VK U)W,

where (yf, uf) belong to W, if and only if:

/(gradfzy,’{ -grad’ wy + yrwy)rdrdz = /(uﬁwk)rdrdz Y wi € H(grad, , Q)
Q Q

and yf < ¢f at each node in Z.
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A Numerical Example for k £ 0

Let 8 =1and Q = [0,4] x [—4, 4], with the following functions given:

Ya(r,z,0) = r* + 2% + 6% — 1 ¥(r, z,0) = 2zrsin(0)
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A Numerical Example for k £ 0

Let 8 =1and Q = [0,4] x [—4, 4], with the following functions given:

Ya(r,z,0) = r* + 2% + 6% — 1 ¥(r, z,0) = 2zrsin(0)
From these given functions, their Fourier modes are as follows:
4co;gk7r) k >0
y[;(r,z) — ] 2n(P+P-1)+(27°/3) k=0
0 k<0
0 k>0
0 k=0
r =
D=0 o k=
—4rzsin(km)
e k<
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Fourier Mode kK = 1

up (left), yn (right)
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Fourier Mode k = 1 Error Chart

Andre Mas (JMU)

h lyret = Yollizg)  rate
1 3.79e+00

2 9.09e-03 8.70
3 9.61e-03 -0.08
4 5.17e-04 4.21
5 1.34e-04 1.94
6 1.47e-05 3.18
7 2.01e-06 2.87

FFEM Optimal Control

April 2023

15/18



Fourier Mode k = —1

up (left), yn (right)
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Fourier Mode k =

—1 Error Chart

h lyr1 = Yollizg  rate
1 4.36e+02

2 7.26e+01 2.58
3 6.07e-00 3.58
4 8.90e-01 2.76
5 1.70e-01 2.38
6 2.47e-02 2.78
7 1.69e-03 3.86
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