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Pythagorean Triples

Definition
A Pythagorean triple (PT) is an ordered triple of positive integers,
(a, b, c), such that a®> + b> = c?. The PT is called primitive provided

ged(a, b,c) = 1.
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Pythagorean Triples

Definition

A Pythagorean triple (PT) is an ordered triple of positive integers,
(a, b, c), such that a®> + b> = c?. The PT is called primitive provided
ged(a, b,c) = 1.

Theorem

Let (a, b,c) be a PT. (a, b, ¢) is primitive if and only if it can be written in
the form (m? — n?,2mn, m® + n?) where m,n € N, m > n, gcd(m,n) = 1,
and m+ n is odd.
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Pythagorean Triples

Definition

A Pythagorean triple (PT) is an ordered triple of positive integers,
(a, b, c), such that a®> + b> = c?. The PT is called primitive provided
ged(a, b,c) = 1.

Theorem

Let (a, b,c) be a PT. (a, b, ¢) is primitive if and only if it can be written in
the form (m? — n?,2mn, m® + n?) where m,n € N, m > n, gcd(m,n) = 1,
and m+ n is odd.

Theorem

Let t be an even positive integer and r,s € N such that t*> = 2rs. Then,
(r+t,s+t,r+s+t)isaPT. The PT is primitive if and only if
ged(r,s) = 1.

WLOG, we'll assume s is even.
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Pythagorean Triples

Forms of PTs

Example

Let t = 12. t?> = 2- 72, so we have several choices for r and s:
r=1,s=72: (13,84,85)
r=2,s=36: (14,48,50)
r=3, s =24: (15,36,39)
r=4,s=18: (16,30,34)
r=6,s=12: (18,24,30)
r=8,s=9: (20,21,29)
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The Fibonacci Sequence

Definition
The Fibonacci sequence, {F,} is given by Fp =0, F; =1, and for n > 2,
Fn: n—1+Fn—2-
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The Fibonacci Sequence

Definition
The Fibonacci sequence, {F,} is given by Fp =0, F; =1, and for n > 2,
Fn: n—1+Fn—2-

v

Definition
A generalized Fibonacci sequence {w,} is given by wop = c,w; = d and
forn>2, w, = aw,_1 + bw,_», where a, b, c,d € Z.

Check out Kalman, D., & Mena, R. (2003). The Fibonacci Numbers:
Exposed. Mathematics Magazine, 76(3), 167-181.
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The Fibonacci Sequence

Definition
The Fibonacci sequence, {F,} is given by Fp =0, F; =1, and for n > 2,
Fn: n—1+Fn—2-

Definition
A generalized Fibonacci sequence {w,} is given by wop = c,w; = d and
forn>2, w, = aw,_1 + bw,_», where a, b, c,d € Z.

Check out Kalman, D., & Mena, R. (2003). The Fibonacci Numbers:
Exposed. Mathematics Magazine, 76(3), 167-181.

Examples

a=1b=1¢=0,d=1: {F,} Fibonacci seq. 0,1,1,2,3,5,8,- -
a=1b=1c¢=2,d=1: {L,} Lucas seq. 2,1,3,4,7,11,18,---
a=2b=1¢=0,d=1: {P,} Pell seq. 0,1,2,5,12,29,70, - - -
a=1b=2¢=0,d=1: {J,} Jacobsthal seq. 0,1,1,3,5,11,21,---
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Known Connections

Bicknell-Johnson (1979

m n 2mn m* - n? m? + n?

2 1 4 3 =F 5="Fg

3 2 12 5=1F5 13 = Fy

3 1 6 8 = Fg 10 (not primitive)
4 1 8 =TFg 15 17

7 6 84 13 = 7y 85

5 2 20 21 = Fg 29

11 10 220 21 = Fy 221

5 3 30 16 34 = Fyg (not primitive)
17 1 34 = [y 288 290 (not primitive)
8 3 48 55 = F 73

28 27 1512 55 = F 1513

8 5 80 39 89 = F'yy

45 44 3960 Fiy =89 3961

37 35 2590 144 = Iy, 2594 (not primitive)
20 16 640 144 = Fyp 656 (not primitive)
15 9 270 144 = Fy, 306 (not primitive)
13 5 130 144 = Fyy 194 (not primitive)
9 8 144 = Fq, 17 145

72 1 144 = 7y, 5183 5185

36 2 144 = Fy, 1292 1300 (1wt primitive)
24 3 g 567 585 (uot primitive)
18 4 Fis 308 340 (not primitive)
12 6 Fia 108 180 (not primitive)
13 8 208 105 233 = Fp,

117 116 27144 233 = F13 27145

16 11 352 135 377 = Fuy

19 4 152 345 377 = Fi,

ples and Generalized



Known Connections

Bicknell-Johnson (1979)

m n m?% — n? 2mn m? + n? k
Fit1 Fu FrioFe—1 | 2Fki1Fe Forq1 k>?2
Frs Fr—1 Fox 2Fii1Fk—1 | FZ +2F_1Fk1 | k> 2

F 1 FZ -1 2F; FZ+1 k>3
F. F2 —4 FZ +4
Fek 1 (Féx —4) For (Fé +4) k> 1

2 4 . . 4

F3k+21 +1 F3k+21 -1 F3k+1 F3k+1 -1 F3k+21 +1 k> 1
Fakm1+1 | Fae—1—1 Fi1—1 Fiq+1
F3— k>2
> > 3k—1 > > >

J. Austin
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Known Connections

(9, 40, 41)
(1, 24, 25)/(105 88, 137)
(1, 60, 109)

(105, 208, 233)
= (207, 304, 425)

(55, 48, 73) 304,
\ (187, 84, 205)
(

45, 28, 033<‘207 224, 305)
(117, 44, 125)

(57, 176, 185)
(39, 80, 88)=—— (377, 336, 505)
T (209, 180, 340)
(217, 456, 505)

(3, 4, 5)—(21, 20, 29)<(119, 120, 169){:1697, 696, 985)

(5,12, 13)

{459, 220, 509)
(175, 288, 337)
(77, 36, 85)=—__ (319, 360, 451)
(165, 52, 173)
(51, 140, 149)
(275, 252, 373)
(200, 120, 241)
(115, 252, 277)
(65, 72, 97) (403, 396, 565)

\ (273, 136, 305)
(85, 132, 157)
(35, 12, 37)==—__(133, 156, 205)

(63, 16, 65)

(33, 56, 65)

(15, 8, 17)

Thinking of the PTs in the tree
as column vectors, you can
traverse the tree using these
matrices:

1 -2 2
u=12 -1 2
2 -2 3
1 2 2
A=1|2 1 2
2 2 3
-1 2 2
D=|-2 1 2
-2 2 3

J. Austin



Known Connections

Hall (1970)

(0, 40, 41)
(7, 24, 25)==——_ (105, 88, 137)

(91, 60, 109)

(105, 208, 233)
(55, 48, 73)S—— (207, 304, 420)

(
\ (187, 84, 205)
5,
05,168, 193)
T—

(5, 12, 13)

(207, 224, 305)
(117, 44, 125)
(57, 176, 185)
(377, 336, 505)
(209, 180, 349)
(217, 456, 505)
(3, 4, 5)——(21, 20, 20){——(119, 120, 169)<_(67, 696, 985)
\ (459, 220, 509)
(175, 288, 337)
(71, 36, ss)<(319, 360, 481)
(165, 52, 173)
(51, 140, 149)
(33, 56, B5)==—___ (275, 252, 373)
(209, 120, 241)

/ (115, 252, 277)
(15, 8, 17) (65, 72, 7)== (403, 396, 565)

\ (273, 136, 305)
(85, 132, 157)
(35, 12, 87)==——— (133, 156, 205)

(63, 16, 65)

(39, 80, 89)

J. Austin

UAU--- and AUA- - -: primitive
PTs where m and n are
Fibonacci numbers
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Known Connections

(8, 40, 41)
(105, 88, 137)
(91, 60, 109)
(105, 208, 233)
(55, 48, 73)S—— (207, 304, 420)
(187, 84, 205)
(95, 168, 193)
(207, 224, 305)
(117, 44, 125)
(57, 176, 185)
(377, 336, 505)
(299, 180, 349)
(217, 436, 505)
(3, 4, 5)——(21, 20, 29)<(119, 120, 169)<—(697, 696, 986)

(7, 24, 25)

(5, 12, 13)

(45, 28, 53)

(39, 80, 89)

(459, 220, 509)
(175, 288, 337)
(17, 36, 85)<:(319, 360, 481)
(165, 52, 173)
(51, 140, 149)
(33, 56, B5)==—___ (275, 252, 373)
/ T (209, 120, 241)
(115, 252, 277)
(15, 8, 17) (65, 72, 7)== (403, 396, 565)
(273, 136, 305)

\ —
(35, 12, 37)<(133, 156, 205)

(83, 132, 157)
(63, 16, 65)

J. Austin

UAU - --
PTs where m and n are
Fibonacci numbers

and AUA- - -: primitive

m | n PT Matrix
2 |1 (3,4,5) I
312 (5,12,13) U

5 |2 (21,20,29) A

8 |5 (39,80,89) UA
8 |3 (55,48,73) AU
13 | 8 | (105,208,233) UAU
21 | 8 | (377,336,505) | AUA

Pythagorean
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Known Connections

Price (2011)

345

1
I [ I
7 1] 1 3 31
L 5 L J 4.7
51213 15817 7.24.25

<olle slle a5l dll el 5l ol o

9,40,41 351237 11,60,61 21,20,29  35.48,73  39,80,89 13,8485 63.16,65 15112113
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Known Connections

Price (2011)

You can also traverse Price's tree in a similar way as Hall's by treating the
primitive PTs as column vectors and using the matrices

2 1 -1 2 1 1 2 -1 1
Mi=|-2 2 2|, M=1]2 -2 2| , M3=1{2 2 2
21 3 2 -1 3 2 1 3
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Newer Connections

Powers of Hall's and Price’'s Matrices

Fibonacci numbers and generalized Fibonacci numbers appear in powers of
some of these matrices:

Theorem
For all n € N,
PantPan—_1+(=1)" PantPan_1+(—1)""! P
D) 2 2n
Q A" = | PPy at(=1)"1 PantPon1H(=1)" p
2 2 2n
Pan P2, Pan 4 Pan—1
%F??n_'_(_l)" F32n %Fﬁn
9 (UA)n: F32n 2F32n+(_1)n F6n
%F6n F6n %F3‘2n+(_1)n
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Theorem

O (AU)" =

Q (PA)" =

@ (AD) =

Newer Connections

(-1)" - 2F3,
_Fﬁn

73F32n

—Fen
(-1)" - 2F5,
—3F2,

Fin
3P+ (=1)"

1
§F6n
F6n

gF32n + (_1)n

3
§F6n

3
§F6n

3FZ,

gF32n + (_1)"
F6n

1
§F6n

gF3n2n + (71)'1_
3FZ,

3
§F6n

gF32n + (71),1_

J. Austin
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Newer Connections

Powers of Hall's and Price’'s Matrices

Theorem
For all n €N,

2"+ A2 (=)™, 2"J, 4402 -1
M} = 2"J, (=2)" 22U},

2" Syt 8dpdn1 (=1)'Jn 2"Jp+8dpdpa+1

J. Austin Pythagorean Triples and Generalized Fibonacci Numbers14 / 2°



Newer Connections

Definition
A Pythagorean triple preserving matrix (PTPM) is a 3 x 3 matrix that
transforms any PT into another PT.
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem
313
LetB= |1 1 1|. Then forallnécN,
L 1 3
? '12 1 ]
EF,? + (-1)" F2 > Fan
B" = F,? 2F3 = (_1)n Fan
1 5
i §F2n F2n §F3+(_1)n_
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Newer Connections

Other PTPMs with Fibonacci Numbers

Example

-1 703 5

1 1 1| |4 ={12|(2,1)— (3,2
1 3

1 2|5 13

-3 1 31715] [16]

1 1 1| [12] = [30](3,2)~ (5,3)
1 3

11 2] |13] 34

(-3 1 17 [16] [39]

1 1 1| (30| = 180](5,3)~ (8,5)
11 2] |34] 89|
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem

Suppose {w,} is given by wo = c,ws = d and for n > 2,
W, = aW,_1 + bw,_o, where a, b, c,d € Z. The following matrix is a

PTPM and transforms a PT generated by consecutive terms of w. into
the next such PT.

(a2 — b2 —1 a2+ b2 —17
g - - o 2TF -
2 2
M, p = a b a
o — o 4 1l & e o~ e
ab
L 2 2 g )
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Newer Connections

Example
-1 3 12 2 -2 2 2
1 11 2 1 2 1 21
1 3
> 1L = 2 2 3 -1 2 3
Fibonacci Pell Jacobsthal
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem

Let {t,} be the sequence defined by to = 0,t; =1 and t, = at,_1 + th—2
forn > 2. Then, forn > 1,

_32

?t,% + (=1)" at?

n

0= at,% 2t,% +(=1)"

J. Austin
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem
6 2 6

Let B= |2 3 3|. Then, forallne€ N,
6 3 7

4F?,+2 2F3 2F4,
B"=2""1| 2F2 F2+2  Fap

2F4, Fan 5F22n + 2
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem

r s t
Let (r+t,s+t,r+s+t) bea PT in rst-form. Then, |s r t

t t r+s
isa PTPM.

J. Austin
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem
r s t
Let (r+t,s+t,r+s+t) beaPT inrst-form. Then, |s r t
t t r+s
isa PTPM. )
Examples
t=2,r=1,s=2 t=12,r=9,5s=38
1 2 2 9 8 12
2 1 2 8 9 12
2 23 12 12 17
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Newer Connections

Other PTPMs with Fibonacci Numbers

Theorem
Let k € N. Then, each of the following is a PTPM.

M 2

% 2 F3k
2

Q|2 L Fa

Fak  Fak % + 2|

2
1 B Ry
1

@ | P
2
| Fax Fax %—Fl_
[ F2, 2F? 2FFr_1
Q | 2F FZy 2FFi—1

|2FkFi—1 2FcFie1  F i +2F;
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Theorem
7
Q | 2F,
|2FkFr—1
[(Fk —1)?
(5] 2
12(Fx — 1)
[ (Fox—2)?
7
(6] 2
_Fﬁk -2
[ 1
Q (Faks1—1)2
L Fakt1 — 1
[ 1
(Fa_1—1)?
e 3k 21
LFak—1—1

Newer Connections

2F2 2FkFr_1
72 2F Fy_1
2Fka_1 F2+2F% |
2 2(F —1)
(Fxk —1)2 2(Fx —1)
2(F—1) (Fr—1)2+2
2 Fox — 2
Y
(F6k4 2) Fox - 2
Fop =2 (F6k4—2) +2
Fary1—1)?
( 3k+21 ) Farqr — 1
1 Fakp1 —1
F3k+1 —1 (F3k+1_ ) e 1
F3_1—1)2
(Fak 21 ) Fao1—1
1 Fak—1—1
Fa1—1 (F3k— 1— 1) +1

J. Austin
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Newer Connections

A Few References

ﬁ H.W. Austin and J.W. Austin, On a Special Set of Symmetric Pythagorean
Triple Preserving Matrices, Advances and Applications in Mathematical
Sciences 12 (2012), 97-104.

ﬁ J. Austin and L. Schneider, Generalized Fibonacci Numbers in PTPMs, The
Fibonacci Quarterly 58.4 (2020) 340-350.

ﬁ J. Austin, On Pythagorean triple preserving matrices that contain Fibonacci
numbers, The Fibonacci Quarterly (in press).

Thanks!
jwaustin@salisbury.edu
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