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Gion Shrine Problem (c. 1749)

Consider the circular segment above: the cord has length a, and its
perpendicular bisector has length m.
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Gion Shrine Problem (c. 1749)

Consider the circular segment above: the cord has length a, and its
perpendicular bisector has length m. Given

m d
p=a+m+s+d and gq=—+—+ -,
a m d

find a, m, s, and d.
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East vs. West

Numerical approach to polynomial equations:

@ West: Newton’s method, Horner’s method
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Sangi computing rods
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Sangi computing rods

“Method of the celestial element” from the Tengen Shinan (1698):

11520 — 432z — 2362% + 42> + 21 =0
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0
Step 1: Make an initial guess, x = Ej.
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0

Step 1: Make an initial guess, = E;. Then write

p(z) = ap+ a1(z — E1) + as(z — E1)? + ... 4 an(z — E))"™.
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0

Step 1: Make an initial guess, = E;. Then write

p(x) =ag+ ar(x — E1) + az(x — E1)2 +...tap(z—E)"

Step 2: Substitute y = x — E;, so we have

g(y):a0+a1y+a2y2+...+any”:().
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0

Step 1: Make an initial guess, = E;. Then write
p(x) =ag+ ar(x — E1) + az(x — E1)2 + ... tap(z— E)"
Step 2: Substitute y = x — E;, so we have

g(y):a0+a1y+a2y2+...+any”:().

Step 3: Make another guess, y = E».
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0

Step 1: Make an initial guess, = E;. Then write
p(z) =ag+ai(x— Ey) +ax(z— E)*+ ... +an(z— E)™
Step 2: Substitute y = x — E;, so we have
9(y) = a0+ a1y + a2y’ + ... + apy" = 0.
Step 3: Make another guess, y = E». Then write

g(y) = by + b1 (y — Ba) +ba(y — Ba)* + ... + bp(y — E2)™
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0

Step 1: Make an initial guess, = E;. Then write
p(z) =ag+ai(x— Ey) +ax(z— E)*+ ... +an(z— E)™
Step 2: Substitute y = x — E;, so we have
9(y) = a0+ a1y + a2y’ + ... + apy" = 0.
Step 3: Make another guess, y = E». Then write

g(y) = by + b1 (y — Ba) +ba(y — Ba)* + ... + bp(y — E2)™

o If this guess is correct, then Fy = x — E,s0 v = Ey + E».
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Horner’s method

Solve: p(x)=po+piz+...+ppx™ =0

Step 1: Make an initial guess, = E;. Then write
p(z) =ag+ai(x— Ey) +ax(z— E)*+ ... +an(z— E)™
Step 2: Substitute y = x — E;, so we have
9(y) = a0+ a1y + a2y’ + ... + apy" = 0.
Step 3: Make another guess, y = E». Then write
g(y) =bo 4+ bi(y — Fo) +ba(y — E2)* 4 ...+ bu(y — Ex)™.

o If this guess is correct, then Fy = x — E,s0 v = Ey + E».
o If not, repeat Step 2 with the substitution z = y — E».

David Clark (R-MC) The Celestial Element Method November 2, 2013



Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
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Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
= —2400 + 48(x — 10) + 484(z — 10)? + 44(x — 10)® + (z — 10)*
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Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
= —2400 + 48(x — 10) + 484(z — 10)? + 44(x — 10)® + (z — 10)*

Now let y = x — 10, and define

David Clark (R-MC) The Celestial Element Method November 2, 2013 15/ 25



Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
= —2400 + 48(x — 10) + 484(z — 10)? + 44(x — 10)® + (z — 10)*

Now let y = x — 10, and define

g(y) = —2400 + 48y + 48432 + 443> + y*.

David Clark (R-MC) The Celestial Element Method November 2, 2013 15/ 25



Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
= —2400 + 48(x — 10) + 484(z — 10)? + 44(x — 10)® + (z — 10)*

Now let y = x — 10, and define

g(y) = —2400 + 48y + 48432 + 443> + y*.

Since y = 2 is a root of g, we have that 2 = = — 10.
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Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
= —2400 + 48(x — 10) + 484(z — 10)? + 44(x — 10)® + (z — 10)*

Now let y = x — 10, and define

g(y) = —2400 + 48y + 48432 + 443> + y*.

Since y = 2 is a root of g, we have that 2 = = — 10.

Thus x = 12 is a root of p.
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Long division vs. synthetic division

2 414z —96z —1392 r — 2400
z —10 ) z*  +423 —236z% —432z 411520

2t —1023
142% —2362>
142%  —14022
—96x% —432z
—9622  +960x

—1392x +11520
—1392x 413920
—2400

David Clark (R-MC) The Celestial Element Method November 2, 2013



Long division vs. synthetic division

10 1 4 —236 —432 11520

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10
1 14

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10 140
1 14

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10 140
1 14 — 96

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10 140 —960

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10 140 —960
1 14 —-96 —1392

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10 140 —960 — 13920
1 14 —-96 —1392

David Clark (R-MC) The Celestial Element Method November 2, 2013 17 / 25



Long division vs. synthetic division

10 1 4 —236 —432 11520

10 140 —960 — 13920
1 14 —-96 —1392 — 2400

David Clark (R-MC) The Celestial Element Method November 2, 2013



Long division vs. synthetic division

10 1 4 —9236  —432 11520
B 10 140 —960  — 13920
10 1 14 —96 —1392 — 2400

David Clark (R-MC) The Celestial Element Method November 2, 2013



Long division vs. synthetic division

10 1 4 —9236  —432 11520

B 10 140 —960  — 13920

10 1 14 —96 —1392 — 2400
1

David Clark (R-MC) The Celestial Element Method November 2, 2013



Long division vs. synthetic division

10 1 4 —236  —432 11520

- 10 140 —960  — 13920

10 1 14 —96 — 1392 ( — 2400
- 10 240 1440
1 24 144 ‘ 48

David Clark (R-MC) The Celestial Element Method November 2, 2013



Long division vs. synthetic division

10 1 4 236 —432 11520
- 10 140 —960  — 13920
10 1 14 —96 — 1392 ( — 2400
- 10 240 1440
10 1 24 144 ‘ 48

David Clark (R-MC) The Celestial Element Method November 2, 2013



Long division vs. synthetic division

10

10

10

David Clark (R-MC)

4 236 —432 11520
10 140 —960  — 13920
14 —96 — 1392 ( — 2400
10 240 1440

24 144 ‘ 48

10 340

34 ) 484

The Celestial Element Method

November 2, 2013



Long division vs. synthetic division

10

10

10

10

David Clark (R-MC)

4 236 —432 11520
10 140 —960  — 13920
14 —96 — 1392 ( — 2400
10 240 1440

24 144 ‘ 48

10 340

34 ) 484

The Celestial Element Method

November 2, 2013



Long division vs. synthetic division

10

10

10

10

David Clark (R-MC)

4 —236  —432 11520
10 140  —960  — 13920
14 —96 — 1392 ( — 2400
10 240 1440

24 144 ‘ 48

10 340

34 | 484

10

44

The Celestial Element Method

November 2, 2013



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

sho

11| 5] 2
3 2 ho

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

11| 5] 2
3 2 ho

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

11 ] 5] 2

1 san

November 2, 2013 18 / 25

David Clark (R-MC) The Celestial Element Method



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

11| 5] 2
3 2 ho
6 ren

N O | D

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

11 ] 5] 2

6 ren

&~ | O | w

1 san

November 2, 2013 18 / 25

David Clark (R-MC) The Celestial Element Method



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

4 jitsu
9 2 ho
6 ren

A O T w|N

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

4 jitsu
9 2 ho
6 ren

A O T w|N

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

4 jitsu
9 2 ho
4 ren

A | PP wW]|N

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

2 4 jitsu
4 8 ho

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

2 4 jitsu
4 8 ho

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

2 4 jitsu
4 8 ho

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

2 4 jitsu
4 8 ho

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4327 — 23622 + 42> + 22 =0

10000 1000 100 10 1

1 sho

2 4 jitsu

1 san

David Clark (R-MC) > Celestial Element Method November 2, 2013 18 / 25



11520 — 4322 — 23622 + 42> + 24 = 0
— 2400 + 48y + 484y% + 44y> + y* = 0

10000 1000 100 10 1

1 sho

2 4 jitsu

ho

'] san

David Clark (R-MC) The Celestial Element Method November 2, 2013



11520 — 4322 — 23622 + 42> + 24 = 0
— 2400 + 48y + 484y% + 44y> + y* = 0

10000 1000 100 10 1

1 2 sho
2 4 jitsu

ho

'] san

David Clark (R-MC) The Celestial Element Method November 2, 2013



11520 — 4322 — 23622 + 42> + 24 = 0
— 2400 + 48y + 484y% + 44y> + y* = 0

10000 1000 100 10 1

1 2 sho
2 4 jitsu

ho

'] san

David Clark (R-MC) The Celestial Element Method November 2, 2013



11520 — 4322 — 23622 + 42> + 24 = 0
— 2400 + 48y + 484y% + 44y> + y* = 0

10000 1000 100 10 1

1 2 sho
2 4 jitsu

ho

'] san

David Clark (R-MC) The Celestial Element Method November 2, 2013



11520 — 4322 — 23622 + 42> + 24 = 0
— 2400 + 48y + 484y% + 44y> + y* = 0

10000 1000 100 10 1

1 2 sho
2 4 jitsu

'] san

David Clark (R-MC) The Celestial Element Method November 2, 2013



11520 — 4322 — 23622 + 42> + 24 = 0
— 2400 + 48y + 484y% + 44y> + y* = 0

10000 1000 100 10 1

1 2 sho

jitsu

'] san

David Clark (R-MC) The Celestial Element Method November 2, 2013



Horner’s method

Example:

p(z) = 11520 — 4322 — 23622 + 423 + 2!
= —2400 + 48(x — 10) + 484(z — 10)? + 44(x — 10)® + (z — 10)*

Now let y = x — 10, and define

g(y) = —2400 + 48y + 484y? + 443> + y*.

Since y = 2 is a root of g, we have that 2 = = — 10.

Thus x = 12 is a root of p.
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Theorem

Let p(x) = po + p12 + . .. + ppa™ and say

p(x) =1 qo(z) = q1(z)(z — a) + 1o
1 (z) = @(z)(z —a) + 11
@2(z) = q3(x)(x — a) + 72

Gn-1(2) = gn(2) (2 — @) + T
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Theorem

Let p(x) = po + p12 + . .. + ppa™ and say

p(x) =1 qo(z) = q1(z)(z — a) + 1o
1 (z) = @(z)(z —a) + 11
@2(z) = q3(x)(x — a) + 72

Then we can write

p(@) =ro+7ri(z—a) +roz —a)’ +...+rp1(x—a)" +ro(z—a)™
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—1402y+0.01y> =0« —100+ 20y + 4> =0
—0.04 + 0.028z 4+ 0.00012%2 = 0

1 0.1 0.01 0.001 0.0001

1 4 sho

4 jitsu

1 ren

David Clark (R-MC) The Celestial Element Method November 2, 2013



—2+4+2%2=0
—1402y+0.01y> =0« —100+ 20y + 4> =0
—0.04 4+ 0.0282 + 0.00012% = 0 < —400 + 280z + 22 =0

1 0.1 0.01 0.001 0.0001

1 | 4
4 jsu
2 | 8 o
1 ren

November 2, 2013

David Clark (R-MC) The Celestial Element Method



—2+4+2%2=0
—1402y+0.01y> =0« —100+ 20y + 4> =0
—0.04 4+ 0.0282 + 0.00012% = 0 < —400 + 280z + 22 =0

1 0.1 0.01 0.001 0.0001

1 4 T sho
4 jsu
2 8 ho
1 e

November 2, 2013

David Clark (R-MC) The Celestial Element Method



East vs. West

Horner’s method was named after William Horner (1786 - 1837) . ..
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East vs. West

Horner’s method was named after William Horner (1786 - 1837) . ..

... but the method of the celestial element was developed in 13th
century China!
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Gion Shrine Problem

a

d
Givenp=a+m+s+d and q:m—l———l—g,ﬁnda,m,s,andd.
a m

David Clark (R-MC) The Celestial Element Method November 2, 2013 23 /25



Gion Shrine Problem

a

d
Givenp=a+m+s+d and q:m—l———l—g,ﬁnda,m,s,andd.
a m

@ 1749: Tsuda Nobuhisa — polynomial of degree 1024

David Clark (R-MC) The Celestial Element Method November 2, 2013



Gion Shrine Problem

a

d
Givenp=a+m+s+d and q:m—l———l—g,ﬁnda,m,s,andd.
a m

@ 1749: Tsuda Nobuhisa — polynomial of degree 1024

@ 17??: Nakata — polynomial of degree 46
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Gion Shrine Problem

a

d
Givenp=a+m+ s+d and q:m-i—f—i-%,finda,m,s,andd.
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@ 1749: Tsuda Nobubhisa — polynomial of degree 1024
e 17?7?: Nakata — polynomial of degree 46
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Gion Shrine Problem

a

d
Givenp=a+m+ s+d and q:m-i—f—i-%,finda,m,s,andd.
a m

@ 1749: Tsuda Nobubhisa — polynomial of degree 1024
e 17?7?: Nakata — polynomial of degree 46
@ 1774: Ajima Naonobu — polynomial of degree 10
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Note: some images in this presentation first appeared in

@ Sacred Mathematics: Japanese Temple Geometry by Fukagawa
Hidetoshi and Tony Rothman (Princeton, 2008)

@ “Japanese Temple Geometry,” by Tony Rothman, Scientific
American, May 1998.
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