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Gonvergent Solutions of Ordinary Linear Homogeneous Difference
Equations in the Neighborhood 6f an Irregular Singular Point

ABSTRACT
m .
This paper deals with the solution of the linear homo-

geneous difference equation

X(SH) = A Xls

where h is a constant; the independent variable & is com-
plex; and /X(S),is a 2X2 square matrix representable as a

power series in /s , namely

AlS) = A B v B B8>S,
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which, as indicated, is convergent in some neighborhood of
S =00, The coefficients /xo, f\,, /\2 ,*** are known con-
stant matrices with complex elements. The unknown ><<S) is

a 2X2 matrix also.
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After a preliminary transformation which removes the S
factor, normalizing non-singular transformations are applied
which reduce the constant term /\a in the new coefficient

matrix to one of the canonical forms listed below:

O PO U TR (R P U P ()

In treating the problem when a lead matrix of types II,
III, IV or V arises, it turns out that a number of special
situations occur and in total twelve cases and subcases neéd
individual treatment. In all of these Varioué cases one
attempts by means of a finite sequence of non-singular trans;
formations to throw the difference equation into such a form
that it is satisfied by a formal power series running in

/2
powers of either V@s or D/S/ .




In twobsubcases the procedure used in other cases be—i
comes infinitely repetitive. Special transformations are
used to solve these two subcases or reduce them to former
cases. It 1s believed that these two subcases constitute
the probiems which G. D. Birkhoff in his 1930 Acta Mathe-
matica paper said lead to "indefinite algebraic complica-
tionsh and for which he did not give a constructive solu-
tion.’ In this paper, by contrast, a straight forward method

of computing the formal solution is given in every case.

The second part of the paper considers the question of
convergence. In all but the two subcases leading to series
in powers of D/éAi the formal solutions for large S| are
shown to be asymptotic representations of true solutions in
certain regions of the s-plane. The asymptotic series solu-
tions in general diverge, nevertheless they are shown to be
Borel summable and replaceable by convergent factorial series;
which would permit one to compute true solutions to within

any prescribed degree of accuracy.
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